The attractor mechanism for the four-dimensional N = 2 supergravity black hole solution is analyzed in the case of the D0-D4 system. Our analyses are based on newly derived exact solutions, which exhibit explicitly the attractor mechanism for extremal non-BPS black holes. Our solutions account for the moduli as general complex fields, while in almost all non-BPS solutions obtained previously, the moduli fields are restricted to be purely imaginary. It is also pointed out that our moduli solutions contain an extra parameter that is not contained in solutions obtained by replacing the charges in the double extremal moduli solutions by the corresponding harmonic functions.
Introduction
It has been pointed out that supersymmetric (SUSY) black hole solutions exhibit a peculiar property called the attractor mechanism [1] - [6] . It has been confirmed in the case of extremal black holes that moduli fields are drawn to some fixed values at the horizon of the black holes, independently of their asymptotic values. In other words, the fixed values of the moduli at the horizon are characterized only by the charges carried by the black holes. This fact has been studied by using the BPS attractor equations, and an algorithm for calculating the macroscopic Bekenstein-Hawking entropy has been established. As a result, it has been found that the entropy is given by the extremum value of the central charge [2] .
In the last several years, the study of the attractor mechanism has been extended to nonsupersymmetric cases [7] - [18] , [21] . Many of the properties of attractive BPS configurations seem to be shared by non-BPS attractor configurations, provided that the solutions are extremal. A non-BPS attractor equation has been constructed to relate the charges to the attractive values of the moduli [12] . Although the attractor equation is very useful, the most direct way to examine the nature of black hole solutions is to obtain the solution for the moduli fields in the whole space. However, the analytic approach to obtaining solutions in non-BPS cases is complicated, because in such cases, it is necessary to deal with secondorder differential equations, while the BPS equations in SUSY cases are first order. In [7] , a perturbative method is applied to extremal black holes, and it is found that the attractor is effective. Numerical results support these perturbative results.
It is pointed out in [5] , [6] and [19] that in the BPS case, the exact supersymmetric solutions of moduli fields in N = 2 supergravity coupled to an arbitrary number of vector multiplets may be obtained from the double extremal solutions by simply replacing the charges by harmonic functions. In the case of non-BPS black holes with D2 and D6 brane charges, Kallosh et al. [14] remarked that the exact solution in the STU model can be obtained using the same procedure of replacing the charges in the double extremal moduli solutions by harmonic functions. Their solutions are, however, still restricted, because the moduli fields are not general complex numbers but, rather, purely imaginary ones.
The purpose of the present paper is to derive general exact solutions in four-dimensional N = 2 supergravity (from the Type IIA superstring) coupled to vector multiplets for the case of a non-BPS extremal black hole with D0-D4 brane charges. Our exact solutions obtained for the STU model are more general than those obtained by previous authors for the D0-D4 system, because the moduli fields are not restricted to purely imaginary values, but, instead, are general complex numbers. As it turns out, the initial conditions of our solutions have more degrees of freedom than those obtained by simply replacing the charges in the double extremal moduli solutions by the corresponding harmonic functions. The additional degrees of freedom come from the arbitrary complex values that we choose for the asymptotic values of the real parts of the moduli fields.
In a recent paper [18] , Saraikin and Vafa obtained non-BPS double extremal black hole solutions, treating the scalar fields as general complex numbers. It is a very intriguing question whether the prescription of replacing the charges at the horizon in their solution by the corresponding harmonic functions leads to general solutions in the whole space. For the BPS case, it has been shown that this prescription is in fact effective for obtaining general solutions (see Appendix A for more details). It is beyond the scope of the present paper to
give an answer to the above question, but the explicit non-BPS extremal solutions derived in this paper could be useful for investigating such questions.
N = supergravity
We study N = 2 supergravity coupled to (N V + 1) vector multiplets. The bosonic part of the Lagrangian is given by
Here, we define the moduli fields
in terms of the complex scalar field X I (where I = 0, 1, · · · , N V ) of vector multiplets. For the sake of simplicity, we set Newton's constant to unity. As usual, the Kähler metric, G ab , is defined in terms of the Kähler potential K(z,z) , 3) where N IJ is related to the second derivative of the prepotential F as
More explicitly, G ab is written
In (2.1), we have also introduced the quantity 6) which is also a function of the moduli. The real and imaginary parts of N IJ are denoted by ν IJ and µ IJ , respectively; i.e., we have
Let us begin with the static metric 8) where the horizon corresponds to τ → −∞ and the spatial infinity to τ → 0.
[This metric corresponds to the case of extremal black holes, where the non-extremality parameter c has been set equal to zero in (B.2).] To solve the equations of motion for U (τ ) and z a coupled to the gauge fields, we postulate
where the magnetic fields are defined as G − Iµν = N IJ F J− µν andq I andp I are given by the electric and magnetic charges q I and p I of the black hole as
10)
With the gauge field configurations appearing in (2.9), the equations of motion turn out to be
Here, the black hole potential V BH is given by
supplemented by the constraint
It should also be mentioned that (2.15) can be expressed as
where Z, defined by
becomes the central charge at the spatial infinity. Note that D a is the Kähler covariant
The exact solutions
Let us consider the simple case of the STU model, whose prepotential is given by
Here, we would like to solve the equations of motion for the D0-D4 charge configuration
. We consider the case in which the moduli fields are complex numbers, i.e.,
Note, however, that we are considering the special case in which the real and imaginary parts,
x and y, are assumed to be common to the three scalar fields. The charges p a (a = 1, 2, 3)
are also assumed to be the same, for simplicity:
Under these assumptions, the Kähler potential is computed according to (2.3), and it is found to be
The Kähler metric G ab and the quantities ν IJ and µ IJ are given by
and
It is also straightforward to obtain the black hole potential (2.15) and the Lagrangian (2.16) in explicit form:
The equations of motion that we have to solve are obtained by varing L with respect to U , x and y. This yields
Now, in order to rearrange (3.10)−(3.12), we first absorb p and q 0 by introducing M 0 and the new variables ξ and φ via
motion (3.10), (3.11), and (3.12) are given by
14)
Next, we consider the linear combinations of U and φ 18) with which (3.15) and (3.17) are written 20) with the help of (3.16). Also, to eliminate ξ ′ , we combine (3.14) and (3.19):
We now postulate that the solution α(τ ) coincides with what we would have obtained in the case ξ = 0. In other words, we assume
where α 0 is an arbitrary constant. This postulate enables us to write (3.19) and (3.21) as the first-order differential equations
In fact, we can confirm that ξ and β given by (3.23) also satisfy the second-order equation (3.20) . It is now almost trivial to work out the solution
24)
Here, β 0 and γ 0 are arbitrary constants. Combining (3.22) and (3.25), we arrive at
26)
We can easily confirm that (3.24), (3.26), and (3.27) are consistent with the original equations (3.14)−(3.17).
At the spatial infinity (τ → 0), we set U (0) = 0 and U ′ (0) = M , where M is the black hole mass. These yield the constraint
together with the black hole mass
This deviates from M 0 in a manner that depends on the initial conditions for the moduli fields at the spatial infinity. It should also be remarked that our solution is non-BPS, because (2.19) in our case is
and at the spatial infinity we have
It is illuminating to express our solution in terms of the harmonic functions
In terms of these, (3.24), (3.26), and (3.27) can be rewritten as
33)
Note that the moduli fields are attracted to the purely imaginary number
at the horizon (τ → −∞). Apparently, the attractor mechanism is effective, as (3.35) is independent of the initial conditions, α 0 , β 0 , and γ 0 . We also note that the black hole potential V BH is equal to M 2 0 at the horizon, and the black hole entropy S BH is given in terms of the charges carried by the black hole alone: S BH = πV BH | horizon = πM 2 0 = 2π p 3 q 0 . Finally, the following fact should be pointed out. If we replace the charges in (3.35) by the corresponding harmonic functions (3.32), then we obtain i H 0 /H. The solution (3.33), however, posseses the additional parameter γ 0 , which comes from the initial condition at the infinity for the real part of the moduli fields.
Summary
In the present paper we have discussed four-dimensional N = 2 supergravity from the Type IIA superstring, which is described by (2.1). We have solved the equations of motion for the STU model (3.1) with D0-D4 brane charges, and our solutions are summarized in (3.33) and (3.34). It should be stressed that our moduli fields are complex, in contrast to those of previous works. This shows that even if we replace the charges in (3.35) by the corresponding harmonic functions, we would not get back the general solutions (3.33) for γ 0 = 0.
As we see in (3.35), the moduli fields are attracted at the horizon to a value determined by only the charges of the black hole. In other words, they are independent of the values of α 0 , β 0 , and γ 0 . Note that our solutions are for the non-BPS black hole, as mentioned in (3.31).
Throughout the present paper, we have been mostly concerned with the analytic behavior of the moduli fields in the whole τ -space. It is known that for BPS black holes we can avoid the problem of solving the differential equations themselves to determine the τ -space behavior.
In that case, it is necessary only to solve the algebraic "generalized stabilization equation," in which all of the non-vanishing charges (q 0 , q a , p 0 , p a ) in the attractor equation are replaced by the corresponding harmonic functions (see Appendix A). For non-BPS black holes, however,
it is yet to be confirmed that such a simple algebraic prescription is equivalent to solving the second-order differential equations. We hope our solutions for the D0-D4 brane system with complex moduli fields is useful for gaining insight into this and related problems.
After completing the present work, the authors were informed of the recent interesting paper by Cardoso et al [21] . They made use of the first-order flow equation [17] and have obtained exact solutions for complex scalar fields in the whole space.
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A The Generalized Stabilization Equation and the BPS full solution
We would like to supplement the analysis of extremal BPS black holes given in the main text with a treatment of the BPS attractor equations. The purpose of this calculation is to show that if we replace the charges in the double extremal solutions by the corresponding harmonic functions, then we obtain solutions to the first-order BPS condition. As a byproduct of this analysis, we are able to incorporate the real part of the moduli fields.
The BPS black hole solution with non-vanishing charges (p
is derived from the generalized stabilization equation
which has been obtained by replacing the charges in the BPS attractor equation by the corresponding harmonic functions [5] , [6] , [19] . Here, the harmonic functions are defined by
We have also substituted the harmonic functions for the charges in (2.19), and thereby defined the following:
The solution of the metric is given by (2.8) with
In addition, we have to impose the condition of the asymptotic flatness of the metric at the spatial infinity, 5) and the constraint
We now confine ourselves to the N V = 3 case and adopt the prepotential (3.1). We further assume that p a , q a , h a , andh a are common to the three scalar fields, i.e.,
We also assume that the three scalar functions take the same forms as in (3.2) . It is then straightforward to solve the algebraic equation (A.1), and we get
According to (A.4), the metric is given in terms of
We have confirmed by explicit calculation that the solutions (A.9), (A.10), and (A.11) in fact satisfy the first-order BPS condition [20] ,
A remark is in order with regard to the D0-D4 system, i.e., p 0 = 0, q a = 0 and q 0 /p < 0.
In this case, (A.9) and (A.10) are .13) and at the horizon, these become
It is worth mentioning that the solutions (A.13) have more parameters than what we would obtain by replacing the charges in (A.14) by the corresponding harmonic functions. This is similar to the situation for non-BPS black holes discussed in §3.
B The Non-Extremal Black Holes
A close inspection of the black hole potential V BH reveals that the attractor mechanism is ineffective in some cases, in particular for non-extremal black holes [7] , [11] , [12] . This fact is confirmed in [7] , in which explicit solutions in a particular model are employed. For the sake of completeness, here we present similar analysis adapted to the general prepotential
The fact that the attractor mechanism is ineffective is shown here for non-extremal black holes with D0-D4 brane charges on the basis of the exact solutions.
We begin with the metric ansatz for the non-extremal case,
where a non-vanishing value of c implies that this is the non-extremal black hole. We use the general prepotential (B.1) and consider the D0-D4 brane charges (q 0 , p a ), while q a = p 0 = 0.
We also confine ourselves to purely imaginary moduli fields and set
where D = D abc p a p b p c < 0. Note that in the extremal limit (c → 0), (B.3) corresponds to the BPS case and (B.4) to the non-BPS case [11] .
The equations of motion are
(B.7)
for both (B.3) and (B.4) . Here, we have defined
As we see, the effects of the non-extremal nature of the black hole appear only in (B.5).
We next define new variables α and β as in (3.18) . Their equations of motion are easily found to be
The constraint equation is also expressed as
The equations in (B.10) are of the Toda-type, and their solutions are
Here, A, B, α 0 , and β 0 are constants of integration. These solutions, in turn, give U and φ through the following:
, (B.13)
The constraint equation (B.11) imposes a relation between the integration constants A where + and − correspond to q 0 < 0 and q 0 > 0, respectively. We can easily confirm that M = |Z| τ =0 ; i.e., our non-extremal solution is non-BPS.
The behavior of the moduli fields at the horizon (τ → −∞) is seen from (B.14): Apparently, even for A = B, the value of the moduli fields at the horizon depends on the aribitrary constants α 0 and β 0 . Thus, the attractor mechanism is ineffectual. 
